
velocity of the wave becomes sharper:  dpld~ [m,x N (u~ ~- -- t)". We note that, for a weak wave, taking account 
of the change in the density of the mobile dislocations gives correct ions of the following order  of smallness with 
respect to 

The authors thank R. I. Nlgmatulin and N. N. Kholin for  their  evaluation of the results and their  valuable 
advice. 
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INSTABILITY OF A SPHERICAL BODY 

UNDER UNIFORM LOADING 

M. N. K i r s a n o v  and A. N. Sporykhin  UDC 539,374 

Proceeding from the three-dimensional equations of stability theory in the dynamical formulation, the 
stability of a sphere made out of a reinforced e l a s t i c -v i scous -p l a s t i c  material  is investigated under uniform 
loading. The subcritical strains are  small.  It is shown that the results obtained from approximate and three-  
dimensional theories for e las t ic -p las t ic  stability problems differ qualitatively and quantitatively in practice.  
A s imilar  problem has been discussed ear l i e r  in [1] in a static formulation on the basis of an approximate ap- 
proach and the relationships of the theory of small e las t i c -p las t i c  strains.  

The axisymmetric e las t i c -p las t ic  state of a spherical body of radii r 1 and r 2 subject to the action of an 
internal p ressure  q is determined by the relationships 

- - 1  
~ = r l Y  2 . 
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Here  and in the following all quanti t ies having the dimensions of a s t r e s s  a re  divided by the s h e a r  modulus/~ 
and of length, by the ou te r  radius r~; c o is the re in forcement  coefficient ,  k 0 is the yield s t r e s s ,  and the sub- 
sc r ip t s  p and e a re  ass igned to the components of the s t r e s s e s  in the plast ic  and e las t ic  regions,  respect ive ly .  

The radius of the e l a s t i c - p l a s t i c  boundary 7 sat isf ies  the equation 

( co )=61n~_(2V q0 + 2 , (2) 
~a t r (2 t ~ ~- c 0) 4k o 2 ~- c o 

In o r d e r  to de te rmine  the e las t i c -p las t i c  s tate  of a spher ica l  body, the equi l ibr ium equations, the p las -  
t ici ty condition [2], the genera l  equations of e las t ic i ty  theory ,  and also the conjugate conditions of solutions in 
the e las t ic  and plast ic  regions ,  were  included. 

We wri te  the basic  re la t ionships  n e c e s s a r y  for  an investigation of the stabil i ty of a spher ica l  body which 
pos se s se s  e l a s t i c - v i s c o u s - p l a s t i c  p rope r t i e s .  The connection between the amplitude values of s t r e s s e s ,  
s t ra ins ,  and displacements  in the plas t ic  and e las t ic  regions a re  r ep resen ted  in the fo rm 

( ,o, 
I emmShl \ h l  - -  ~kl ] . 0 e 

k "z (2~t -+- v -~- sTI) 

respect ively ,  where  

l 
e~j = T (ui,j + u~,i). (4) 

The  conditions on the e l a s t i c - p l a s t i c  boundary y a re  of the fo rm 
0 nj [ ~  + ~j,hX~l = 0, [u~+ ui,~xhl = 0, (5) 

where  X k a re  the vec to r  components  which de te rmine  the shape of the e l a s t i c - p l a s t i c  boundary; the square  
brackets  denote the d i f fe rence  between the corresponding components in the plast ic  and e las t ic  regions.  

The equil ibr ium equations and the boundary conditions [4] fo r  the amplitude values of the displacements  
a re  wr i t ten  in the fo rm 

o , (~j  § o o (6) + = = 0 ,  = 

It is assumed that the load changes its d i rec t ion  as a resul t  of small  per turbat ions .  

The sys tem of equations in spher ica l  coordinates  for  determinat ion of the displacements  in the plast ic  
region can, according to (6) ,  (3) ,  a n d  (4) ,  be wr i t ten  in the form 

r (4 -- 3ao) ui,i - ~ - ~ - -  Ut'33 + Ut,22 -~- ctg 0Ul,2 ---: 2U~ + U~,Jt (1 -- a o + Oor) r ~ -b 

+ r,'Op ( t ) --~--r -}- (Y~ Ul,22 -~ Si- '~ Ut,33 -4- ct.gOul,2 + 2 u l+  4rul,l -I-poP'it1 -~0, 

[ ao 2 1 

- -  2 ctg Oua,3) A- a ~ (u2, lir2--2ru2,i -f- 2u~). ~ r ~ --~--'~- ~p O0(U2,22A'-14rul,2--2U~ - 

t t 1 ) 
sin 2 0 u o - ~  ~ / 2 2 , 3 3  - -  2 c tg  0 ~ u3,3 --': c tg  0u2,2, -k Pco2r~u2 = 0, (7) 

rZ(l § + r~u3,u § 4ru,,3 § u3,22 § u2,3e § etgO(u3,2-I-u2,a) + 

2 r~ Op o ( -~- ~ U3,33 -~ -~" -Jr OrO (r2u3,11 + 2 u 3 - -  2ru3,1) + oo .U3'22 -~- g i g  0U2,3 - ~- 

, ) + 2r (u3,1-4- ui,3) + ~ U 3 , 3 3 -  2ua -bPe2r~'u3 = O, a o =4 (2-t-co+s~i)-L 

The incompress ib i l i ty  condition has the fo rm 
i r~ui,i "4- u2,2 -k 2rul q- c tg  0u  2 q- ~ ua,a = 0.  (8) 

We determine  the displacement  in the elast ic  region f rom the sys tem (7) and (8), where  the value of a 0 
should be set  equal to ze ro .  In the case  of an approximate  approach [5, 6] it is n ece s sa ry  to set  quantities in 
(7) equal to  ze ro  which take the loading p a r a m e t e r  into account, i .e . ,  Or~ 

1 2 4  



0,5 O, f5 0,25 0,35 or 

Fig. 1 

The solution both in the plast ic  and in the e las t ic  region is sought in the fo rm of a Four i e r  s e r i e s  in the 
spher ica l  functions 

U l ~ - - -  z . a  "~- 

O> 
. . .  c . ( r )  to.c0, (r) y . .  
n-----V "~=t  n-------"V ~ ; ~ i  

The functions Ynv sat isfy the equation 

o-~ -}- ctg 0 § sin ~ 0 0~'~ 

We will omit  the subscr ip ts  n and v f rom here  on to s implify the writing. 

One can convince oneself  that B = C. Actually, differentiat ing the second equation of (7) with r e spec t  to 
and the third with r e spec t  to 8 and subtract ing the equations obtained, we get 

L(u..a - -  us,. ) ---- O, (10) 

where  L is some different ial  opera tor .  

Since (10) is sa t i s f ied  for  any r ,  it follows f rom (9) that B=C.  Substitution of the expansions (9) into Eqs.  
(7) and (8) and elimination of B and D gives a f o u r t h - o r d e r  ord inary  different ial  equation of the fo rm 

& 

~ (r) ~ZA = 0, (1~) 
m=O ~r m 

where  

R~ = ( y -  2) (l + a~ - por,~r-i); 

~ ,  = ~ -  ~ (4 - 3% + 400 _ ~N-! (8o~.; + ~Oor --o8,, (2 + N))); 

R~ ~ - -  r2N -z  (2N 3 -- T son - pors § ~.V - a~ -- 

- -  i2 ( i  -]- a ~ -- 4ro~ ,. -- 2ra~.~); (12) 
~.  = r,~-~ (~o  + r~0., + 2o~ + s); 

R 4 = r 4 N  - z ( t §  N : n : + n ;  Po--P a)~. 
0 _  e0 A s imi l a r  equation occurs  in the e las t ic  zone; it is only n ece s sa ry  to se t  in (12) a0=0 and a r - a r ,  ~~ 

a~0, which have the fo rm of (1). 

The boundary conditions (6) a re  reduced to the fo rm 
$ 

~ aiA 20~A §  0a §  (13) ~ , - ~ - = 0 ,  r o-~. 

at  r = l ,  a .  

H e r e  

3 qo = 2px, Q, = 6 + s ~  - .o (2 + N) -- 3.~ + T ao~, 

Qs = r (6 § 400 -{- 2ff~), Q, = r s (t  + o.~ (14) 

For  r = l  one should set  in (14)ao=0 , q~176 , and q~=cr~0, and at r=ot, ~=UPr~ and u~=o~ ~ 

Conditions (5) in t e r m s  of spher ica l  functions a re  as follows: 

[A]=0 ,  =0, LOr.~j----O, r ' - N - Z ( i + e ~ ~  ~ OA 
L o~ .I § 1 7 6  W =O. (15) 
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In the case  of the approximate  approach equations s imi l a r  to (13) can be der ived on the basis  of the bound- 
ary  conditions [59 6] 

0 0 

We will e xp re s s  the p r e s s u r e  qo f rom Eq. (2) everywhere  so that qo enters  the sys tem (11)-(15) implici t ly 
through the c r i t i ca l  radius  ~/. A nontr ivial  solution of the sys tem (11)-(15) cor responds  to stabil i ty loss of the 
sphere ,  

Let us rep lace  by the method of finite d i f ferences  the equations being investigated with a sys tem of ho- 
mogeneous l inear  a lgebraic  equations whose determinant  depends on the p a r a m e t e r s  of the medium %, k09 and 
70, the complex number  s = i~, the wave- format ion  p a r a m e t e r  n, the dimensionless  radius a, and the c r i t i ca l  
radius  % 

Equating t h e d e t e r m i n a n t  of the sys tem to zero ,  we find the conditions of stabil i ty loss of the sphere .  A 
pecul ia r i ty  of the numer ica l  application consis ts  of the fact that here  T takes a finite number  of values,  running 
through the ent i re  in terval  f rom ~ to 1. Consequently,  one can find the minimum root  T c r  of the determinant ,  
which cor responds  to the c r i t i ca l  p r e s s u r e  qo- The calculat ions were  pe r fo rmed  on an M222 computer .  The 
dependence of the c r i t i ca l  p r e s s u r e  qo on the geomet ry  of the const ruct ion  ~ is p resen ted  in Fig. 1 for  k 0 = 0.1, 
Col 0.5, 70 ~ 0.19 P = 19 and n f 2  (n= 0 and n =1 a re  excluded f rom the analysis  of the numer ica l  application, since 
they have no physical  meaning).  

The lower  curve  cor responds  to the th ree-d imens iona l  theory  al ternat ive,  the dashed curve  cor responds  
to the approximate approach, and the upper  curve  cor responds  to the p r e s s u r e  at which the en t i re  sphere  is in 
the plast ic s ta te  (exhaustion of ca r ry ing  capacity).  Comparison shows that the resu l t s  obtained f rom exact and 
approximate  theory  di f fer  only quanti tat ively and insignificantly bes ides .  
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